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Abstract 

Multi-soliton solutions, i.e. solutions behaving as the sum of N given solitons as < — > 
+00, were constructed in previous works for the critical and subcritical (NLS) and 
(gKdV) equations (see [23], [11] and [2U]). In this paper, we extend the construction of 
multi-soliton solutions to the supercritical case both for (gKdV) and (NLS) equations, 
• using a topological argument to control the direction of instability. 

1 Introduction 

1.1 The generalized KdV equation 

■ We consider the generalized Korteweg-de Vries equations : 

5 : ut + (n^^ + uP)^ = 0, {t, x) G M X M, (gKdV) 

I where p > 2 is an integer. See Section 13.11 for more general nonlinearities. 



Recall that the Cauchy problem for (gKdV) in the energy space has been solved by 



O ■ Kenig, Ponce and Vega [Ti] : for all uq G H^{R), there exist T = T(||uo||_ffi) > and a solution 

u G C([0, T], (M)) to (gKdV) satisfying n(0) = uq, unique in some sense. Moreover, if Ti 

X 



denotes the maximal time of existence for u, then either Ti = -l-oo (global solution) or Ti < oo 
and then ||u(t)||j:^i — > oo as t ] Ti (blow-up solution). 
5^ \ For such solutions, the mass and energy are conserved : 

n2(t) = / -u2(o) (L^ mass), (1) 



Einit)) = U ulit) - -1- / uP+\t) = E{um (energy). (2) 



27 p+l 

Now, we define Q G Q > the unique solution (up to translations) to 

p+l 



1 



Qxx + QP = Q, i.e. Q{x) 



2cosh2(2^x 
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Let Qcq{x) = Cq^^ Qi^/cQx) and let 

1 

Rco,xo (i, = c^"' Q(\/c(x - Cot - Xo)) 

be the family of soliton solution of the (gKdV) equation. 

It is well-known that the stability properties of a soliton solution depend on the sign of 

5 — p 

S; / Qc\c=co- Since J Qc = J Q^, we distinguish the following three cases: 

• For p < 5 (L^ subcritical case), solitons are stable and asymptotically stable in in 
some suitable sense : see Cazenave and Lions |3j, Weinstein [3QJ , Grillakis, Shatah and 
Straus [12], for orbital stability, and Pego and Weintein [27j . Martel and Merle [17] for 
asymptotic stability. 

• In the critical case, i.e. p = 5, solitons are unstable, and blow up occur for a large 
class of solutions initially arbitrarily close to a soliton, see Martel and Merle [18], |19j . 



• In the case p > 5 (L^ supercritical case), solitons are unstable (see Grillakis, Shatah 
and Straus [l2] and Bona, Souganidis and Strauss i2j). 

Now, we focus on multi-soliton solutions. Given 2N parameters defining solitons with 
different speeds, 

< ci < . . . < Cat, xi,. . .xn £ IK, (3) 



we call multi-soliton a solution u{t) to (gKdV) such that 

N 



^0 as +00. (4) 



Let us recall known results on multi-solitons: 

• For p = 2 and 3 (KdV and mKdV), multi-solitons are well-known to exist for any set 
of parameters ([3]), as a consequence of the inverse scattering method. Moreover, these 
special explicit solutions describe the elastic collision of the solitons (see e.g. Miura [24j ) . 



In the L^-subcritical and critical cases, i.e. for ( gKdVp with p < 5 (or for some more 
general nonlinearities under the stability assumption ^ f Q'^^^_^ > for all j), Martel 



|16j constructed multi-solitons for any set of parameters ([3]). The proof of this result 
follows the strategy of Merle [23] (compactness argument) and relies on monotonicity 
properties developed in [17] (see also [21]). Recall that Martel, Merle and Tsai [21] 
proved stability and asymptotic stability of a sum of solitons for large time for the 
subcritical case. A refined version of the stability result of [21j shows that for a given set 
of parameters, there exists a unique multi-soliton soliton satisfying see Theorem 1 
in \m. 



In the present paper, we extend the multi-soliton existence result to the L^-supercritical 
case, i.e. in a situation where solitons are known to be unstable. 
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Theorem 1 (Existence of multi-solitons for L^-supercritical ( gKdVp ) . Letp > 5. Let < ci < 



. . . < Cat and xi, . . . ,xiy G M. There exist Tq £ M, C, ctq > 0, and a solution u G C([To, oo), H^) 



to ( |gKdV[ ) such that 

yt G [To, oo) 



N 



3/2, 



Remark 1. As in the subcritical case, the proof of Theorem [T] is based on a compactness 
argument and on some large time uniform estimates, however, it also involves an additionnal 
topological argument to control an instable direction of the linearized operator around each 
Qcj ■ The proof relies decisively on the introduction of eigenfunctions of the linearized 
operator, contructed by Pego and Weinstein [26] by ODE techniques. Note that in [M], the 
existence of such eigenfunctions for Qc^ is proved to be equivalent to ^ / Qc\c=co ^ ^' 

It is possible that other methods of contruction work for some range of parameters < 
ci < . . . < Cat, but due to the instable directions, the use of such a topological argument is 
probably necessary to treat the general case 

Finally, note that the solution u{t) of Theorem [T] belongs to i?*, and that the convergence 
to Ej=i Rc„x,{t) holds in F^ for any s > 1 (see Proposition 5 of [16j). 

We refer to Section 13.11 for a similar existence result for (gKdV) equations with general 
nonlinearities. 

1.2 The non linear Schrodinger equations 

Now we turn to the case of the non linear Schrodinger equations : 

iut + l^u + \u\^~^u = Q, (t,x)GMxM'^, u(t,x)GC, (NLS) 

where p > 1, for any space dimension d > 1. Concerning the local well-posedness of the 
Cauchy problem in H^, we refer to Ginibre and Velo [TU]. Recall that solutions satisfy the 
conservation laws 

j \u\'^{t) = j |noP, Im j {uVu){t) = Im j uqVuq, 

i / iv-wP - ^ / i«r-w = i / iv«o(*)i^ - ^ / Ki-'. 

Consider the radial positive solution Q G H^{M.'^) to 

AQ + QP = Q, (5) 

which is the unique positive solution of this equation up to translations. We refer to [9], [1] 
and [15] for classical existence and uniqueness results on equation ([5]). Given vo,xo G M'^, 
7o G M and cq > 0, the function 

i?co,7o,.o,xo(i,^) = cf'Qi^oix - vot - a;o))e*(^^-^-^ll''°ll'*+^°*+^«) 
is a soliton solution to (INLSh . moving on the line x = xq + v^t. 
We recall the following classical results (for any d> 1): 
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For 1 < p < 1 + 4/(i, (L^ subcritical case) Cazenave and Lions [3j proved that solitons 
are orbitally stable in H^. Multi-solitons (defined in a similar way as for (gKdV)) were 
constructed in this setting by Martel and Merle 



• In the critical case, p = 1 + 4/d, solitons are unstable, however multi-solitons were 
constructed by Merle [23] , as a consequence of the construction of special solutions of 
(NLS) blowing up in finite time at N prescribed points. 

• For p S (1 + |, (for d = 1, 2, p > 1 + |) : solitons are unstable (see jl2]). Recall 
that p = corresponds to the critical case. 

We claim the following analogue of Theorem [T] in the context of the supercritical (NLS) 
equation. 

Theorem 2 (Multi-solitons for supercritical (|NLH1)). Let p £ {I + ^, (p > I + ^ for 
d = 1,2). Let ci, . . . , Cat > 0, 7i, . . . , 7Ar G M, xi, . . . , xat G M'^, and vi, . . . ,vn £ he such 
that 

Then there exist Tq G M, C, ctq > 0, and a solution u G C([To, oo), H^) to (jNLSp such that 



Mt G [TojOo), 



N 



3/2 , 



Remark 2. The condition on p means that the problem is supercritical but H"^ subcritical 
(for d > 3). In the present paper, we do not treat the critical case - recall that solitons 
have then only algebraic decay. 

The proof of Theorem [2] is completely similar to the one of Theorem [H see Section 13.21 
Note that similarly to the (gKdV) case, we will need eigenfunctions for the linearized operator 
around Q. To obtain these objects for the (NLS) case, we refer to Weinstein Grillakis 
dH and Schlag 128j. 

In Section 11.31 we present an outline of the proof of Theorem [H A complete proof of 
Theorem [T] is given in Section [21 Next, extensions of this result to (gKdV) equations with 
general nonlinearities are presented without proof in Section [3. II Finally, a sketch of the proof 
of Theorem [2] is given in Section 13.21 In the Appendix, we gather the proof of two technical 
lemmas. 

1.3 Outline of proof of Theorem [T] 

For simplicity, we consider only positive solitons and pure power nonlinearities for (gKdV). 
The proof follows a similar initial strategy as in the works of Merle [53] or Martel [TB] • 
We consider a sequence 5„ — > -|-oo and we set 

N 

Rj{t,x) = Rc^^xj{t,x), R{t,x) = y^^Rj{t,x). 
In the subcritical case ([16] and [20]), one considers the sequence (un) of solutions to 



(gKdV) such that Un{Sn) = R{Sn)- The goal is then to obtain backwards uniform estimates 
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on Un{t) — R{t) on some time interval t S [To,5„], where Tq does not depend on n. From 
these estimates, one can construct the multi-sohton sohton by compactness arguments. To 
obtain the uniform estimates, one uses monotonicity properties of local conservation laws and 
coercivity property of the Hessian of the energy around a soliton : 

Lv = —Vxx — pQ^^^v + V. 

Indeed, in the subcritical case, it is well-known (see [30]) that {Lv,v) > A||f||^i (A > 0) 
provided that {v,Q) = {v,Qx) = 0. These two directions are then controlled by modulation 
with respect to scaling and translation. 

In the supercritical case, one cannot obtain uniform estimates by the same way, since the 

previous property of L fails. It is known that (L-,-) is positive definite up to the directions 

p+i 

Q 2 and Qx ', the direction Qx can still be handled using modulation in the translation 

p+i 

parameter, but the even direction Q 2 cannot be controled by the scaling parameter as for 
the subcritical case (this is of course related to the instable nature of the soliton). 
At this point, we need the eigenfunctions of the operator Ldx '■ 

L{Z^) = ±60^^, eo > 0. 

constructed by Pego and Weinstein [26]. Following Duyckaerts and Merle [5], we prove that 
(L-, •) is positive definite up to the directions and Qx (see Lemma [T] in the present paper). 
The direction Z~ being in some sense a stable direction, it does not create any difficulty. For 
the instable direction Z~^ , we do need an extra parameter, which cannot be controlled by a 
scaling argument. Thus, instead of considering the final data Un{Sn) = R{Sn), as in [16], we 



look at solutions to (gKdV) with final data : 



UniSn) = RiSn) + ^ ^tn^f^ where Zj{t,x) = CP-^ Z^{^{x - Cjt - Xj)), 

and bn = (t'^„)j=i,...Ar;± belongs to some small neighborhood of in M?^ . A topological 
argument then allows us to select, for all n, bn so that, for the corresponding solution Un, we 
obtain a uniform control on ||tin(t) — R{t)\\jji on some interval [Tq^Su]- 



2 Proof of Theorem [T] 

2.1 Preliminary results 

Consider the operator 

Lv = -Vxx - pQ^^^v + V. 

For p > 5, it is known from the work of Pego and Weinstein [26] that the operator dxL has 
two eigenfunctions and Y~ (related by (x) = Y^{—x)) such that 

{LY^)x = ±eoY^, where eo > 0. 

In contrast with the (NLS) case (see references in section r3.2p . the existence of Y^ is not 
obtained by variational arguments, but by sharp ODE techniques. Note that [26] provides a 
complete description of the spectrum of dxL in for any p > 1 ; in particular, the existence 
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of such eigenfunctions related to iteo with cq > is proved to be equivalent to super criticality 
(i.e. p > 5 in the present case). 

Next, we observe that = LY^ are eigenfunctions of Ldx (adjoint to —dxL). Indeed, 

L{Zt) = ±eoZ^. 

The functions Z^ are normalized so that ||Z^||^2 = 1. Moreover, we recall from [26] (stan- 
dard ODE arguments) that Z^,Y^ G 5(M) and have exponential decay, along with their 
derivatives. Let r/o > such that 

Vx G M, \Z+{x)\ + \Z-{x)\ + \Z+{x)\ + \Z-{x)\ < Ce-^ol^L 

Following [S] (concerning the (NLS) case), we claim the following coercivity property of 
L (for f,gG L^, (/)5) = f fd denotes the scalar product in L^). 

Lemma 1. There exist A > such that 

yv£H\ (Lv, v) > X\\v\\l^ - J {{v, Z+f + {v, Z~f + {v, Q^f) ■ 

Proof. The proof is completely similar to the one of [5^ Lemma 5.2]. It is given here for the 
reader's convenience. 

First we recall the following well-known result. 

Claim. There exists > such that 

V^; G {Lv, v) > u\\v\\l^ - ^ (^{v, Q"-^f + {v, Q^f) . (6) 

Indeed, Qx and Q 2 are two eigenfunctions for L, namely 

p+i p+i 2 

LQx = and LQ 2 = ^qQ 2 ^ where /^o = — (p + !)■ 

The claim then follows from Sturm-Liouville theory. 
To prove the Lemma, it suffices to show that 

if {v,Z+) = iv,Z-) = {v,Qx) = then {Lv,v) > A||u||^i. (7) 

Let V satisfy the orthogonality conditions in ([7]) and decompose the functions v, orthog- 
onaly in Span{Qx,Q^~)'^ and Span{Qx,Q^~) 

v = w + aQ^, Y+ = y+ + pQx + -fQ'^ , Y' = y- + 6Qx + vQ'^ ■ 

By symmetry and uniqueness of the orthogonal decomposition, note that 6 = — /?, r] = 'j and 
y+{-x) = y~{x). 

First, we claim that the functions y"*", y~ are linearly independent. Indeed, decompose 
into even and odd parts 

y+ = / + y°, = / - y°- 

Let us prove that y'^ ^ and y° 7^ ; we observe from {LY~^)x = eoY~^ that 

{Ly% = eo{y° + PQx) - m(Q'^)x, {Ly°)x = eo(/ + 7^"^)- 
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If y° = 0, then = and 7 = 0, hence /? = 0, and thus = Y =0, which is a 
contradiction. Now, if we assume y'^ = 0, by {Ly°)x = eo{y^ + 7Q^~) and J 7^ 0, we 
obtain 7 = 0. Thus, from = {Ly^)^ = eo{y° + PQx), we get y° = and /3 = 0, so that 
= Y~ = 0, a contradiction. From the property y^ ^ and y° 7^ 0, one deduces that 
ay^ + by~ = imphes o = 6 = 0, hence y"*" and y~ are hnearly independent. 
We now go back to the proof of coercivity. Note that 



{LY^,Y^) = ±e^\LY^,{LY^ 



0. 



We compute 



= (v, Z+) = {v, LY+) = (Lv, y+) = (Lw, y+) + af,ol\\Q- 



2 

L2) 








iv,Z-) = iv,LY-) = iLv,Y-) = iLw,y-) + af,ol\\Q—\\i2, 



{LY+, y+) = (Ly+, y+) + ^ f^4Q^ \\h > 



= {LY-,Y-) = {Ly-,y-)+YlJ^o\\Q—\\h. 



Hence 



{Lv,v) = {Lw,w) + fioo^WQ'''^ 11^2 = {Lw,w) 



{Lw,y+){Lw,y~ 



Consider 



a = sup 

a;6Span(s/+,s/-)\{0} 



(Lw, y^ 



^{Ly+,y+)^{Lz-,z-) 
{Luj,y~) 



(8) 



y/{Luj,uj){Ly+,y+) y/{Luj,uj){Ly ,y ) 



RecaU (L-,-) is positive definite on Span{Q ^ , )''' ; applying Cauchy-Schwarz inequahty 
to each of the two terms of the product above, we find a < 1. Furthermore, if a = 1, there 
exists w 7^ such that these two Cauchy-Schwarz inequahties are actually equalities, but this 
is not possible since y"*" and y~ are independent. 

Therefore, we have proved that a < 1. By decomposition on Span{Qx,Q^~)'^ , we also 
obtain for all u G Span{Qx,Q^)'^, 



{LuJ,y+){LuJ,y- 



^{Ly+,y+)^{Lz-,z~) 



< a(LuJ,uj) 



Hence, by ([H]) and next 



{Lv,v) > {l-a){Lw,w) > - a)||?i;||^i > 0. 



Thus, for C = max(^;^^^. 



\\Q~\\li\\Q~\\Hi) we get 



C{Lv, v) > C{1 - a){Lw, w) > C^—^{Lw, w) + C- 



> 2||u'||^i +2a2||QV||^, > \\w + aQ- 



2 



l/^o|a^||Q 2 



lL2 



□ 
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2.2 Main Proposition and proof of Theorem [T] 

We denote 

Rj{t,x) = Rcj,xjit,x) = c^f^Q{^j{x - Cjt - Xj)), R{t,x) = ^Rj{t,x), 

Zf{t,x) = cpZ±(^(x - Cjt - Xj)). (9) 

Let /Sn — > oo be a increasing sequence of time, b„ = {b^^)j^± G M?^ be a sequence of 
parameters to be determined, and let n„ be the solution to 



UniSn) = R{Sn) + ^ bfnZf{Sn). 

j€{l,...,N},± 



(10) 



Let 



fjo = ^ min|r?o,eo''^ci,ci,C2 - ci, . . . ,cn - cn-i^ ■ (11) 



Proposition 1. There exist no > 0, Tq > and C > (independent of n) such that the 

'j,n)j,: 



following holds. For each n > tlq, there exists bn = ib^n)j,± ^ '"'^^^ 




3/2 „ 



and such that the solution Un to (jlOp is defined on the interval [Tq, 5„], and satisfies 

Vt e [To, 5„], ||n„(t) - R{t)\\Hi < Ce-'^o^'*. 

Assuming this Proposition, we now deduce the proof of Theorem [TJ The proof of Propo- 
sition [T] is postponed to Section 12.31 



Proof of TheoremUl assuming PropositionUi It follows closely the proof of Theorem 1 in |16j . 
We may assume ng = in Proposition [1] without loss of generality. 

Step 1 : Compactness argument. From Proposition [H there exists a sequence n„(t) of solutions 
to ( gKdV ) , defined on [Tq, 5„] and Co, (Tq > such that the following uniform estimates hold : 

Vn e N, Vt G [To,Sn], \\un{t) - Rnimm < Coe-'^o^'*. (12) 

We claim the following compactness result on the sequence Un(To). 
Claim. 



lim sup / uf^{To,x)dx = 0. 

i-^oOnmJ\x\>A 
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Proof. Let e > 0, T{e) > Tq be such that Cqb '^^ '^^'^^ < -y/e and n large enough so that 
Sn > T{e). Then 

\un{T{e)) - R{T{e)f < e. 



Let A{e) be such that J|2.|>^(£-) R{T{e))'^{x)dx < e ; we get 



ul{T{e),x)dx < 4e. 



'\x\>A{e) 

Let (^(x) G be such that ^(x) = if x < 0, g{x) = 1 if x > 2, and furthermore < g'{x) < 1, 
< g"'{x) < 1. 

Recall that for /(x) G C^, we have (Kato's identity [13]) 



For C(e) > 1 to be determined later, we thus have : 



dt 



ul{t,x)g 



X - A{e) 



C{e) 



C{e) 



+ 



C{e) 



Un9 



+ 



2p 



C{e) ) (p + l)C(e) 



C7(e) 



For t > To > 0, n„ satisfies \\Un{t)\m < C'o + Y!i=\ IIQcJ/fi < C", so that : 



ul{t,x)g 



X - A{e) 



<C^(3/.4(t) + /n^(t) + ^| 



iP-i 



n\\L° 



ul{t) 



< 



Now choose C{e) = max {l, (sC^^ + ^2(p-i)/2cOP+i) |, and so 



ul{t,x)g 



X - A{e) 



By integration on [To,T(e)] : 



^■>2C{e)+yl(e) 
Now considering / u'^{t,x)g 



;(To,x) < y ^z2(ro, 



< 



x)g 



T{e)-n' 

X - A{£ 



-A{e)-x 



i x< 



C{e) 

, we get in a similar way 
u^(To, x) < 5e. 



< he. 



lx<~2C{e)-A{e) 

Therefore, setting A^ = 2C(e/10) +y4(e/10), we obtain : 



VnGN, / u^(ro,x)<e. 

J\x\>A, 



□ 
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By (fT2]) . the sequence (n„(To)) is bounded in H^, thus we can extract a subsequence (still 
denoted by (n„)) which converges weakly to cpo £ H^{M). The previous compactness result 
ensures that the convergence is strong in L^(M). Indeed, let e > and let A be such that 
I\x\>A'^o(^)dx < e and 

VnEN, / ul{To,x)<e. 

J\x\>A 

By the compact embedding H^{[—A, A]) L'^{[—A, A]), |n„(ro, x) — ipo{x)\'^dx — > as 

n — > +00. We thus derive that 

limsup ||n„(To) - ¥'o|li2m^ < 4e. 
neN ^ ' 

Since this is true for all e > 0, Un(2o) (po in L^(M) as n ^ +00. By interpolation, Un(7o) 
converges strongly to (/?o in for all s G [0, !)■ 

S'iep 5. Construction of the multi-soliton u* . 
Denote u*{t) the solution to 

Due to the Cauchy problem for dgKdVD is locally well-posed in H" for s > 1/2 : we will 
work in H^^"^ (which is not a critical space) and H^. Let u* G C([To, T*), H^) be the maximal 
solution to (gKdV). Recall the blow up alternative: either T* = +00 01 T* < 00 and then 
\\u*(t)\\Hi ^ 00 as t]T*. 

Since the flow is continuous in H^^"^, for any t G [Tq,T*), Un{t) is defined for n large 
enough and Un{t) u*{t) in H^^^ as n ^ +00. By the uniform bound, we also obtain 
Un{t) u*(t) in //^-weak. Hence, using Proposition [U 

Vt G [ro,r*), \\u*{t) - R{t)\\Hi < limmi \\un{t) - R{t)\\ Hi < Ce'^'o'^ 

n— >oo 

In particular, we deduce that 

N 

VtG [TcT*), \\u*{t)\\Hi<Ce-'^'^'"' + \\R{t)\\Hi<C + J2\\Qc,\\m- 

i=i 

Due to the blow-up alternative, it follows that T* = 00. Hence u* G C{[Tq,oo), H^) and 
moreover \\u* (t) - R{t)\\Hi < Ce-'^o^'* for ah t > Tq. □ 

2.3 Proof of Proposition [T] 

The proof proceeds in several steps. For the sake of simplicity, we will drop the index n for 
the rest of this section (except for Sn)- As Proposition [1] is proved for given n, this should not 
be a source of confusion. Hence we will write u for for etc. We possibly drop the 

first terms of the sequence Sn, so that for all n, Sn is large enough for our purposes. 

Step 1. Choice of a set of initial data. 
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Lemma 2 (Modulation for time independent function). Let < ci < . . . < cm ■ There exist 
C,e > such that the following holds. Given (ai)j=i^...Ar such min{|aj — aj\ i ^ j} > if 
u{x) G is such that 

N 

"^Qc.ix - ttj) <e, 



then there exist modulation parameters y = {yj)j=i,...,N such that setting 

N 



the following holds 



N 



\L^+Y.\y,\<C 

3=1 



N 



L2 



and yj = 1, . . . ,N, / v{x){Qc^)x{x - aj - yj)dx = 0. 



(13) 
(14) 



Furthermore, u ^ {v,y) is a smooth diffeomorphism. 



Notation. For b small, from ((TU]) and continuity in H^, u{t) is defined and modulable (in 
the sense of the previous lemma) for t close to Sn- As long as u{t) is modulable around R{t), 
we denote by y{t) = (yj(i))j=i,...,Ar the parameters of modulation, 



N 



Rj{t) = Rj{t,x- y,{t)), R{t) = ^i?,(t), Zf{t,x) = Zf{t,x 
v{t) = u{t) - R{t) so that Vj = 1, . . . , Af, / v{t){Rj)^{t) = 



ac^{t) = {af{t))j=i^,„^N, where = j v{t,x)Zf{t,x)dx. 

We consider equipped with the £^ norm. We denote by B{j{P,r) the closed ball of the 
Banach space B, centered at P and of radius r > 0. If P = 0, we simply write Bjg{r). Finally, 
SiRjv(r) denotes the sphere of radius r in M^. 

In view of Lemma [H we have to control the functions a^(t) on some time interval [Tq, Sn\- 
Since and Z^ are not orthogonal and because of the interactions between the various 
solitons, the values of a^(S'„) are not directed related to b. The next lemma allows us to 
establish a one-to-one mapping between the choice of b in pO|) and the suitable constraints 
a+(S'„) = a^, a~(5„) = 0, for any choice of a"*". 

Lemma 3 (Modulated final data). There exists C > (independent of n) such that for 
all a+ G i?]gjv(e~*^^/^)'^o there exists a unique b with \\b\\ < C\\a^\\ and such that the 
modulation (v(S'„), y(5„)) of u{Sn) satisfies 



a+(S'„) = a+ and aT {Sn) = 0. 
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Proof. See Appendix. 



□ 



Let To to be determined later in the proof, independent of n. Let a"*" to be chosen, b be 
given by Lemma[3]and let u be the corresponding solution of (jlOp . We now define the maximal 
time interval [T{a^), Sn] on which suitable exponential estimates hold. 

Definition 1. Let T(a^) be the infimum of T > To such that the following properties hold 
for all t G [T, 5„] : 

• Closeness to R{t): 

Mt)-R{t)\\Hi<e. 

In particular, this ensures that u{t) is modulable around R{t) in the sense of Lemma EJ 

• Estimates on the modulation parameters: 



3/2, 



Observe that Proposition [T] is proved if for all n, we can find such that r(a^) = Tq. 
The rest of the proof is devoted to prove the existence of such a value of . 

We claim the following preliminary results on the modulation parameters of u{t). 
Claim. 



N 



N 



vt G [r(o+),5„], 

Vt G [r(a+),5„], Vj, 



i=i 



0, 



<C7||i;(t)||i2+Ce-2-o^'*. 



^-^it)±eocfafit) 



<C\\v{t)fH^+Ce-^''o'' 



(15) 

(16) 
(17) 



Proof. The equation of v{t) is obtained by elementary computations from the equation of 
u{t). Taking the scalar product of this equation with Rj^, we see that yj{t) satisfy 



dt 



WQc 



Il2 



dt 



vR 



'J XX ' 



3/2 II 

From {t > To large enough) ||t;(t)||j:^i < e~°"o * < 



l|2 



using integration by parts to 



have all the derivatives on Rj^ and using Cauchy-Schwarz inequality, we get (fT6|) . 
Now, we prove ([T7D. First, note that / Rj^Zf = follows from 

J Q^Z^ = ±60^ J QxL{Zt) = ±eo ' j L{Q^)Zt = 0. 



(18) 
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Using the equation of v{t) and next the equations of Z^, 



da 



± 



{vxx+pR^i ^v)xZf-Cj I vZ, 



J X 



± _ ^ 

^ dt 



+ j{{v + Rf-Y,Rl-vRT'v)^Zf+Y,^^ jRkxZ 

k kj^j 

fc fc,' - 

^e^cfa^t) - f{{v + RY -Y^Rl- pRT'^)Zf ^ + 



vZ: 



± 



dyk 
dt 



dy^ 
dt 



vZ: 



± 

3 X 



Using ([TT]) . for k ^ j, 



RkxZ. 



\Rk{t,x)\{\Zf{t,x)\ + \Zf (t,x)|) < Ce-^v^d^-^^^l+l^-"^*!) < Ce-^'^o^'^e-v^l^-'^^*!. (19) 



dt 



vZf . 

J X 



Hence we have 



N 

{\v + Rr\v + R)-Y^Rl- pR'-\)Zf^ 

k=l 



3/2 

<C||ii(t)|li, +Ce-'''» ' 



E 



dyk 
dt 



RkxZj 



3/2 3/2 



(20) 

(21) 
□ 



The term ^ J ^^j^ x controlled using (1160 . 

S'tep ^. Conditionnal stability of w and y under the control of . 

We claim the following improvement of the estimates for v{t) and y on [T{a^), Sn]- 

Lemma 4 (Control of v and y). For Tq large enough (independent of n) and for all £ 
5]giv(e~(^/^)'^o^^'^"), the following holds 



Vt e [Tia+),Sn], \\uit) - Rit)\\Hi < Ce-'^o * < eo/2, 

3/2 3/2 

e'^o *||«(t)||^, <l/2, e'^o *||y(t)|| < 1/2. 



(22) 
(23) 



The proof of Lemma H] is postponed to the end of this section. It is very similar to the 
proofs in the subcritical case (see |16] or |20j). 

Step 3. Control of a-(t). 

Lemma 5 (Control of a~(t)). For Tq large enough (independent of n) and for all G 



-BiRjv(e (3/2)0-0''^ •S'nj^ ^^jg following holds 

Vt G [r(o+),5„], e 



< 1/2. 
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Proof. It follows from ([IT]), ([23]) and aT(5„) = that for all t G [r(a-), 5^], 

3/2, f^n 3/2 / 3/2 „ 3/2 \ „ 3/2, 



Hence, for Tq large enough, Vt G [T(a-), 5„], ||a-(t)|| < Ce-^'^o^'* < ie-(3/2)'^o^'t. □ 

Step 4- Control of a+(t) by a topogical argument. 

Finally we turn to the control of a+(t) which will provide us with a suitable value of o"*". 
This is the new key argument of this paper. 

Lemma 6 (Control of a^(t)). For < ctq < fxo small enough, Tq large enough, there exists 
a+ G 5Riv(e-(3/2)<^o^'-S„) gy^/j ff^^^ ^ j^^^ 

Proof. We argue by contradiction. Assume that for all G i?igjv(e~(^/^^°"o^ ^"), one has 
T(o^) > Tq. From Lemmas [H and [5] 

n(r(a+)) - i?(T(a+)) G i3Hi(6o/2), e'^o''^("^)z;(T(a+)) G 8^.(1/2), 
e-o''^{"+)y(r(a+)) G i?M-(l/2), e(3/2Vo''^("+)a-(r(a+)) G i?M-(l/2). 
Hence by definition of T(a^) and continuity of the flow, one must have 

g{3/2).rna+)a+(r(a+)) G SKiv(l). (24) 

Let T < T(a^) be close enough to T(a+) so that the solution u(t) and its modulation are 
well-defined on [T, Sn] ■ For t G [T, 5„] , let 

AA(o+(t)) =AA(t) = e(=^/2K=;/^*a+(t) ^ (25) 



Then, by ([TT]) and ([231), we have 



^Ar(t) + (2eocf -3ao'/')AA(t) 



< Ce"(3/2K'^'*(||t,(t)||22 +e-3'^o^'*) < C7e-(i/2)<7g^'*. (26) 

In particular, in view of the definition of do (see (jlip ). for all j, leQC-"^ — Sctq''^ > e^c^'^ > 
4eocrQ^^, applying the previous estimate at t = T(a"'"), and using AA(T(a''')) = 1, we get 

Va+ G i?i,.(e-(3/2)-o^/^5.), |AA(r(a+)) < -^e^o''l\ (27) 

From (j27p . a standard argument says that the map o"*" ^ ^(i^^) is continuous. Indeed, by 
(P?]) . for alle > 0, there exists 5 > such that 7^(r(a+) -e) > 1 + 5 and AA(r(a+) +e) < 1-5. 
By continuity of the flow of the (gKdV) equation, it follows that there exist > such that 
for all llo"*" — a+ll < r\, the corresponding a+(t) satisfies |AA(a+(t)) — AA(a+(t))| < 5/2 for all 
t G [T(a+) - e, S'n]. In particular, r(a+) - e < r(a+) < r(a+) + e. 

Now, we consider the continuous map 

M : i?K-(e-(3/2)'^o'/^S„) ^ §^,(e-(3/2)-o'/^S„)^ 

a+ ^ e-(3/2)-o''(^-na+))a+(r(a+))). 
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Let a+ G SiRiv (e-(3/2)'^o'"-S„)^ p^^^ g^i)^ follows that T(a+) = 5^ and so M{a+) = a+, 
which means that M restricted to S]Rjv(e~*-^/^'*'^o is the identity. But the existence of such 
a map Ai contradicts Brouwer's fixed point theorem. 

In conclusion, there exists a+ G B^N{e~^^/'^^°'o^'^s„) such that T(a+) = Tq. □ 

The end of this section is devoted to the proof of Lemma HI 

Proof of Lemma Define 

2 / 1 \ 

tlj{x) = — arctan(exp(— -yoox)), ipj{t,x) = ip —^{x — mj{t)) , 'i/'7v(t) = 1, 



1 



where for j = 1, . . . , iV - 1, mj{t) = - {{cj + Cj+i)t + yj + y^+i) 



(f)i=ipi, = ipj - i^j-i, forj = l 
Mjit) = [ u\t)cPjit), E,{t) -- 



, . . . , J. T , 



iV; 



1 2 

2 



We begin with some technical claims. 
Claim. 



C „ 



p + 



^1 + Ce-^^o^^^ 



N 



Proof. By direct computations, 



<-^||r;(t)||^.+Ce-3-o''*. 



eft 



(28) 



(29) 
(30) 



By the decay properties of (/)j(t) and Rj{t), for all k, 



C 



(31) 



Thus, expanding u{t) = R{t) + t'(t), the first two integrals are estimated as desired. For the 
last term it suffices to observe that ||tf(t)||Loo < C(||?;(t)||j;^i + ||i?(t)||j|^i) < C. This proves 
(129]). 

Estimate ()30p is a consequence of (I29p . the conservation of energy and Xlj^i ~ ^- ^ 
Claim. 



E,{t) + ^M,{t) - E{Q,^) + ^ / - -Hj{t) 



where Hj{t) = / {vl{t) - plf~\t)v'^{t) + Cjt;2(t))(/)j (t). 



(32) 



3/2, 
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Proof. First, we claim 

Mjit) -( [qI + 2 I v{t)Rj{t) + I v\t)<P,{t) 

1 

2 



Q 3/2, 



E,{t) - E{Q,^) - ( ^ / {vl{t) -pR^-\t)v\m,{t) - c, I vmjit) 



L2' 



Indeed, expanding u{t) = v{t) + i?fc(t) in Mj{t) and Ej(t), we get 



(33) 



(34) 



E,{t) 



1 



^;2-pi?P-V) 



+ ^ / ((-(^' + ^)^+'+^^+') + (l' + l)t'^^ + (p + l)pi?^"'^^')0,(i)- 
By the decay properties of (t)j{t) and i?j(t) we have [k ^ j) 



RUj{t) - / Q 



+ / Rt<Pjit) + 



By + = Q, we have 



3/2 

i;(t)(i?,, + i2P)(/.,- = Cj I v{t)Rj{t) + 0(e-3-o *) 



Q 3/2, 



Using also (f3T]) and for > 3 



b(t)|V,(0 < lk(t)ll^;o' / v{tf<Pj{t) < Ce-3-r*||^||2^, 



we obtain (IMl) and (ISil). 



Estimate ()32p is obtained by summing ()33p and (j34p . Note that in particular that the scalar 
products f v{t)Rj{t) cancel. □ 



Claim. 

3K >0,yv £ H^, \\v 



(*))'+(/ v{t)ZT{t)^ 
(35) 
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Proof. Estimate (j35]) is a standard consequence of Lemma [T] and / vRj^ = 0. See e.g. pTj 
Lemma 4]. □ 

Now, we finish the proof of Lemma [H Let t £ [T(a+), Sn]- Integrating ([30]) on [t, Sn], 



N 



From ([32]) . we get : 

N 



+ :^M,{Sn))-[E,{t) + ^M, 



„ 3/2, 



Hs)\\ 



ds 



< + Ce--o'-*(||^;(t)||^, + + C I \\v{s)\\ 



3/2, 
-a,,' t 



ds 



Note that from Lemmas [2] and O and from the definition of T(o^), 



< CWviSnWu. < C\\b\\' < Ce-^'o * and 
By (j35]) and the above estimates 



(36) 



Hence, for Tq large enough so that Coe~°"o < 1/8 and Co/\/7o < 1/8 we get 



3/2 

e-^o < 1/2. 



By ([16]) and ([36]), 



3/2 

||ytWII<Ce-2'^« ' + C\\v{t)h^, 



\\ym<\yiSn)\ + c 



Sn 



3/2 



< C7e-(3/2)ao3/'t ^ -^e-'^o^'*, (37) 



3/2 

and we deduce e'^o ||y(t)|| < 1/2 by possibly taking a larger Tq. Finally, we have : 



\\uit) - Rit)\\Hi < \\R{t) - mWm + Wvimm < C\\y{t)\\ + \\v{t)\\ 

3 /2 

< Ce-'^o * < So/2, 
by possibly taking a larger Tq. This concludes the proof of Lemma HI 



(38) 
□ 
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3 Generalizations 

3.1 The gKdV equations with general nonhnearities 

We now present extensions of Theorem [1] to a more general form of the KdV equation, i.e. 

ut + {uxx + f{u)h = 0, {t, x)eRxR. (gKdV) 

In order to have both well-posedness in from [T3] and the existence of eigenvalues for 
the linearized operator in the instable case from |26j . we assume 



/ is C^ convex for u>0, and /(O) = /'(O) = 0, 



(39) 



but these assumptions can probably be relaxed. Concerning the solitons, we consider velocities 
Cj > such that 

d f 

a solution Qc of {Qc)xx + f{Qc) = cQc exists for all c close to Cj and ~r Qc 7^ 0- 

dc J \c=cj 

(40) 

Then, combining the proof of Theorem [1] and [16], we claim the following extension of Theo- 
rem [TJ 

Theorem 3. Let < ci < . . . < cm and xi, . . . , x^- £ M be such that for all j, (|4U|) holds. 

There exist Tq G C,ao > 0, and a solution u G C{[Tq,oo), H^) to (gKdV) such that 



Remark 3. The critical case ^ / Qc 



N 



U 



it)-Y.Rc„xAt) 



3/2, 

< Ce-^'o *. 



is treated in [T^ for the pure power case. We 



leave open the special case where for a general f{u), ^ J Qc|c=c ~ ^ ^'^^ some cj, but it 
probably can be treated by similar techniques. 

From the techniques developped in [25], [7] and [8] concerning the (BBM) equation 

{u-Uxx)t + {u + uP)x = 0, (t,x)eMxM, (BBM) 

and from the construction of suitable eigenfunctions of the linearized equation by Pego and 
Weinstein [26j (see page 74), one can also extend the results obtained in this paper to the 
(BBM) equation for any p > 1. 

3.2 The non Unear Schrodinger equations 

In this section, we sketch the proof of Theorem [21 It is an extension of the proof of Theorem [T] 
in the present paper and of the main result in [20] . 

3.2.1 Preliminaries 

Let V = vi + iv2, we define the operator C by 

Cv = —L^V2 + iL+vi, (41) 
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where the self-adjoint operators and L„ are defined by 

L+vi := -Avi +vi- pQ^'^vi, L^V2 := -Av2 + V2 - Q^~^V2, (42) 

Prom [29], [H] and [28], there exist cq > 0, e S{R) {Y+ = normahzed so that 

1 1 1 1 ^2 = 1 and such that 

= ±60^^; (43) 
moreover, for some K > 0, for any v = vi + iv2 € {{fid) = f fo) 



1^1 < K{L+vi,vi) + K{L_V2, V2) 



(44) 



See [51 [H] for the proof of 

3.2.2 Proof of Theorem [2] assuming uniform estimates 

We denote 

N 



R{t,x) = '^Rj{t,x) where Rj{t,x) = Rc.^-y.^Vj,Xj{t,x), 

Y^{t,x) = cpy±(^(x - Vjt - xj))e^(^^^-^-3ll''^H'*+'=^*+^^). (45) 



Let 5,1 — > oo be an increasing sequence of time. We claim the existence of final data giving 
suitable uniform estimates. 

Proposition 2. There exist no > 0, do > 0, Tq > 0, C > (independent of n) such that the 

following holds. For each n > uq, there exists b = {b^^)j^± £ with \\b\\ < e~'^o and 
such that the solution Un to 

iUnt + + |?i„|P~^U„ = 0, 

Un{Sn)=R{Sn)+i ^>^/(^") ^^^^ 

j6{l,...,Af},± 

is defined on the interval [To,5„], and satisfies 

yt G [To, Snl \\Un{t) - R{t)\\Hi < Ce"'^'^'*. 

The proof of Theorem [2] assuming Proposition [2] is completely similar to Section 2.2 in 
the present paper and to Section 2 in [20J, thus it is omitted (note that for this part, as in 
|20j . we use the local H'^ Cauchy theory due to Cazenave and Weissler [1]). 
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3.2.3 Proof of the uniform estimates 



We are reduced to prove Proposition [2l We only sketcii tlie proof since it is very similar to 
Section 2.3 of the present paper combined with Section 3 in |20] . 

The first step of the proof is to reduce (without loss of generality) to the special case 
where 

Vl,l < V2,l < ... < VN,1, 

where Vj^k (j £ {!> • • • > k £ {1, . . . ,d}) represents the k — th component of the velocity 
vector Vj G M'^. It is a simple observation, based on the invariance by rotation of the (NLS) 
equation, see Claim 1, page 855 of [20]. 

Next, in the (NLS) case, modulation theory for u{t) close to R{t) says that there exist 
parameters y{t) = {yi{t), . . . ,yN{t)) G (R'^)^ and /i(i) = {ni{t), . . . , niyit)) G such that 

N 

R,{t) = R,{t,x- y,(t))e*^^W, i?(t) = Y.Rj{t), Y^{t,x) = Y^{t,x- y,(t))e*^^ W, 



v{t) = u{t) - R{t) satisfies Vj = 1, . . . , A^, Re y v{t){VRj){t) = Im y v{t)Rj{t) = 0, 

Note that the phase parameter fij{t) is used to control the direction Im / v{t)Rj{t). 
In view of we are led to set 



a^{t) = (a^(t))j=i,...,Ar, where af{t) = Im 



j Y^{t,x)v{t, 



x)dx. 



For given o+ G R^, we define b G R^^ as for the (gKdV) case in Lemma [3l We define 

3 /2 

r(o"'") as in Definition [H with the additional requirement e"o *//(t) G B^n{\). By standard 
computations, the following holds on \T[a^)., Sn\. 
Claim. For some ctq > 0, 



dt 



it) 



+ 



"eft 



it) 



<C\\v{t)\\L^+Ce-^'^o"\ 



da^, 



dt 



■{t)±eoc]'\f{t) 



<C\\v{t)\\l,+Ce-^'''"\ 



(47) 
(48) 



Proof. The proof follows from the equation of v 
ivt+^v+Y^ (\Rj\P-^v + (p - l)\Rj\P~'^Re{Rjv)\+0{ 



\v\?n^] 



d^j 



and direct computations using the definition of 



□ 



Now we follow exactly the same strategy as in the proof of Theorem [U by proving analogues 
of Lemmas HI [5] and El 

For the proof of the estimate on v{t), we use a functional adapted to the (NLS) equations, 
as in [20] and [22]: 



5W = E(/Giv. 



1 

p + l 



IP+l 



+ c,- + 



Vj ■ Im j uVu4>j 
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where 

Note that Q{t) controls the size of v{t) in up to a^(i) as a consequence of (1441) . As for 
(gKdV), the following claim allows us to prove the estimate on 

Claim. 



dt 



it) 



C „ 



The estimates of a^(t) are exactly the same as in Lemmas [S] and El using 



A Appendix 

Proof of Lemma\M We use the following notation y = (yj)j=i,...,7v and 

N N 

Rj{x) = Qcj{x — aj), Rj{x) = Rj{x — Uj), = i?j(x) and R{x) = Rj{x). 

j=i j=i 

Let w = u — R small in L^. Consider 
$ : X 



j=l,...,N 



{w,y) ^ (^j{w + R-R)R,^^ 
Let z = (2;j)j=i,...,Ar. By the decay properties of Rj, 

{dy<^{w, y).z)j = ^Zk j RkxRj^ - Zj j{w + R- R)R 



k=l 



Hence 



dy^{w, y) = diagdig,^^ Jli.) + e-'^ol°'=-"^l) + 0{\\wU^) + 0(||y||). (49) 

Therefore, if min{|a/; — ajl, i ^ j} is large enough then (iy$(0, 0) is invertible. Since $(0, 0) = 
0, by the implicit function theorem, it follows that there exists e > 0, e < ry and a function 
(j) ■ -8/^2 (0,e) — > i?]gjv(0, ry) such that <I>(?i;,y) = in 5^,2 (0,e) x (j){Bi2{0,e)) is equivalent to 
y = </>(if). Finally we set v = v{w) = w + R — Ylf=i ^ji' ~ □ 

Proof of Lemma 0. Consider the maps : 

1: M?^ ^ e : V ^ i/i X cS : X ^ 



^ ^ T.j,±^Zf{Sn) w ^ {v,y) {v,y) ^ (JvZ, 
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where, in the definition of 0, {vjy) represents the modulation u = w + R{Sn) and V = 
Bfji{e) (e being defined in the proof Lemma E]), and in the definition of S, we have set 
Zf{x) = Zf{Sn, x-yj). 

Then J(0) = 0, G(0) = (0,0) and 5(0,0) = 0. Recah also from Lemma[2]that 

II'^IIlZ + ||y|| + \\Rj{Sn) - Rj{Sn)\\m < C\\w\\l2. 

To prove Lemma [3l we claim that ^' = 5o0oTisa diffeomorphism on a fixed neigh- 
bourhood of G by computing = dS o d@ o dl. Indeed, we claim 

Claim. 



5- 



where A = diag((||Zj lH^)^) = diag((cj'-' )j) (recah that \\Z^\\l2 = 1). 

Remark 4. Note that if = 1 (only one soliton), with e.g. ci = 1, then the map \I' is 
represented by the matrix 

Indeed, the functions Z^ are orthogonal to Qx, so that y = in this case and ^ is linear, 
bmce are linearly independent (see proof of Lemma [T]), the matrix B is invertible. 

The claim means that for the general case N > 2, we obtain a similar behavior around 
each soliton plus small terms due to the interaction of the various solitons. 

Proof. We start with the computation of differentials of X, G and S. First, X is affine so that 
dl{b) = I for ah b. Second, for /i G z G R^, 



{dS{v,y).{h,z))j^± = Zj j vZf ^ + j hZ 



Finally, we consider O. Let $ and (p be defined as in the proof of the Lemma [2] above for 
R{Sn)- Then, by PU]) , (iy$(ti;,y) is a diagonally dominant matrix and thus it is invertible. 
Denoting by M its inverse, it follows from ()49p that 

M = diag((||Q,^, J|-|),) + 0{\\w\\j^2 + ||y|| + g-'^o''^"). 

Differentiating (^{w.,(l){w)) = with respect to w and using M = ((iy<I>(it;, y))~^, we find 
d(j) = —M o dw^- Since {dw^{'w,y).h)j = J hRj^{Sn) and 

we obtain 

dQ{w).h = {h- '^{Rj^{Sn){{M o d^<^).h)j, -M o d^<i>.h) 

j 

N 



+ O{e-'^o"''" + \\wh2)\\hh2] 
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Let b e R2^. Then, since J is hnear, we have d^(b)i = dS{e{I{b))).{dQ{I{b)).I{b)). By 
the previous computations, we have 

de(T(b)).T(b) 

m+Y,\\Qc,J-jRj,{Sn) [ I{b)Rj^{Sn),(-\\Qc,J-J [ I{b)Rj^{Sn)) 

j=i \ J y j=i,-,N 

Inserting the expression of X(b), using ||y|| < C||b||, f Z^Qx = and the decay properties of 
the functions Q and Z, we get 

de(X(b)).J(b) = (X(b),0) + 0(e-'^o^'^" + ||b||)||b||. 
Therefore, using the expression of dS^ we finally obtain 

d^(b) = Gramm((Z^^)j-±) + O(e-'"o^'^" + ||b||) = P + ©(e"'"'^''^" + ||b||) 
where Gramm((Z^)j^-|-) is the Gramm matrix of the family {Z^)j^± 



2 



and 

A {JZ+Z-)A 
{fZ+Z-)A A 

5—p 

where A = diag((||Zj ||^2)j) = diag((cj~^ )j) (recall that ||Z='=||j;^2 = 1). This finishes the proof 
of the claim. □ 

Since P is invertible (Z"*" and Z~ are independent, see proof of Lemma[l]), we deduce that 
d^* is invertible on some ball B^2n {rf) (rj > independent of n for n > uq large enough) . As 
a consequence, \I' is a diffeomorphism from B^2N{r]) to some neighbourhood W of E M^^. 
Let 5 > be such that B^2n{S) C W. For any a+ € B^n{6), there exist a unique b = b(o"*') G 
B^2N{rj) such that ^'(b(a+)) = (a+,0) and ||b(a+)|| < C||a+||. □ 
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